In this paper, the authors make use of certain analytical techniques for nonlinear algebraic equation systems in order to give another refinement of the Pólya-Szegö inequality in a triangle, which is associated with one of Chen's theorems (see Chen (1993) [12] and Chen (2000) [13]). Some remarks and observations, as well as two closely-related open problems, are also presented.
Introduction and the main results
For a given triangle ABC , we denote by a, b, c its side-lengths, by S its area, by p its semi-perimeter, and by R and r its circumradius and inradius, respectively.
In the year 1925, Georg Pólya (1887 Pólya ( -1985 and Gábor Szegö (1895- From among several extensions and modifications of the Pólya-Szegö inequality (1.1), we first recall the following sharpened version given by Leng [5] (see also [6, p. 194 .
(1.2)
Chen [7] (see also [6, 8] ), on the other hand, strengthened the Pólya-Szegö's inequality (1.1) as follows:
(abc) 2 3 2r R 1 3 .
(1.3)
More recently, Chen [9] gave a beautifully refined version of the Pólya-Szegö inequality (1.1), which we state here as Theorem 1 below.
Theorem 1. The best positive constant k for the following inequality:
(abc) 
and x 0 is one real root of the following equation:
The main object of this paper is to present yet another refinement of the Pólya-Szegö inequality (1.1) given by Theorem 2 below. Furthermore, the constant k has its numerical approximation given by k ≈ 1.145209656 · · · .
Preliminary results and lemmas
In order to prove Theorem 2, we require several lemmas.
Lemma 1. If the following inequality:
holds true, then
Proof. First of all, Chen [7] (see also [8] ) derived the following inequality:
By using Chen's inequality (2.2), we find that
Thus, in view of the known identity S = rp, we get the following inequality:
Consequently, we have .
We then find that
Our proof of Lemma 1 is thus completed. [10, 11] 
Lemma 2 (See
which is equivalent to the inequality:
holds true for any isosceles triangle whose top angle is greater than or equal to 60°, then the inequality (2.4) holds true for any triangle.
(ii) If the homogeneous inequality (2.4) in a triangle, which is equivalent to the following inequality:
holds true for any isosceles triangle whose top angle is less than or equal to 60°, then the inequality (2.4) holds true for any triangle. 
Lemma 4 (See
where R(f , g) is Sylvester's resultant of f (x) and g(x).
Demonstration of Theorem 2
In this section, we apply the results and lemmas of the preceding section in order to prove Theorem 2.
Proof. In light of the known identities [15, p. 52]:
abc = 4Rrp and S = rp, the inequality (1.5) is equivalent to the following inequality:
Furthermore, the inequality (3.1) is equivalent to the following inequality:
Consequently, we have
Obviously, this last inequality (3.3) holds true when R = 2r. In the case when R > 2r, we define a polynomial h(p) by
Then the discriminant sequence of h(t 2 ) is given by By applying Lemma 1 and the fact that R > 2r, the following four inequalities:
hold true obviously. Then the revised sign list of the discriminant sequence of h(t 2 ) is just as given below:
The number of the sign changes of (3.4) is 1. Thus, in view of Lemma 2, the polynomial h(t 2 ) has 4 distinct real roots.
Moreover, the polynomial h(p) has 2 distinct positive real roots (see, for details, [16] ). So the inequality (3.3) can be rewritten in its equivalent form:
By making use of Lemma 3, we easily see that the inequality (3.3) holds true if and only if the triangle is an isosceles triangle. We now let a = 2 and b = c = x (x > 1).
Then the inequality (1.5) is equivalent to the following inequality:
(3.5) (i) In the case when x = 2, the inequality (3.5) holds true obviously.
(ii) In the case when
x > 1 and x = 2, the inequality (3.5) is seen to be equivalent to the following inequality:
Define the function H(x) by
By calculating the derivative for H(x), we get
which, upon setting H (x) = 0, yields
It is easy to find from (3.7) that
which implies that
It is not difficult to observe that the roots of Eq. (3.7) must be the same as the roots of the following equation: Denote by It, therefore, follows that the maximum value of k is H(x 0 ). We next prove that H(x 0 ) is the root of Eq. (1.6). For this purpose, we consider the following nonlinear algebraic equation system:
It is easy to see that H(x 0 ) is also the solution of the nonlinear algebraic equation system (3.13). If we eliminate the u 0 , v 0 and x 0 ordinals by resultant (by using Lemma 4), then we get [1, 1, 1, −1, 1, 1, 1, −1, −1, −1, −1, 1, 1, 1, −1, −1, 1, −1, 1, 1, 1, 1, 1, 1, −1, 1] .
The revised sign list of the discriminant sequence of p 3 (t) is given by   [1, −1, 1, 1, 1, 1, −1, −1, −1, 1, 1, −1, −1, 1, 1, 1, −1, 1, −1, 1, 1, 1, −1, −1, 1, −1, 1, 1, 1, −1, 1, −1, −1, −1, 1, −1, −1, −1, −1, −1, 1, −1, −1, −1, 1, −1,  1, 1, 1, −1, 1, 1] .
The revised sign list of the discriminant sequence of p 4 (t) is given by [1, 1, −1, 1, 1, 1, 1, 1, 1, −1, 1, −1, −1, 1, −1, −1, −1, 1, −1, 1, 1, 1 . Moreover, the number of the sign changes of the revised sign list of (3.16) and (3.17) are both 26. Thus, by appealing to Lemma 2, we see that the following equations: The proof of Theorem 2 is thus completed.
Remarks and observations
In this section, we present a number of remarks and observations which are relevant to the foregoing developments. Remark 1. By applying the above analytical techniques mutatis mutandis, we can also show that the best positive constant k for the inequality (1.4) is the real root on the interval 1 11 , 
Remark 2. By means of the software Bottema (see [18] [19] [20] ) which was invented by Lu Yang, we cannot only obtain the same result as above, but also find that the best positive constant k for the following inequality:
is the real root on the interval 11 19 , 7 12 of the equation given below: Moreover, the constant k can be numerically approximated by k ≈ 0.5800733927 · · · .
Remark 3.
We perform all of the aforementioned operations in this paper with the computer software Maple (Version 9.0).
A set of open problems
In this concluding section of our paper, we pose two closely-related problems which would refine the Pólya-Szegö inequality in a tetrahedron (see [21, pp. 188 and 197] ). Problem 1. Let S k (k = 1, 2, 3, 4) denote the area of the face of a given tetrahedron and let V be the volume of the tetrahedron. Suppose also that R and r are the circumradius and the inradius of the tetrahedron, respectively. Determine the best constants K 1 and K 2 for the following two inequalities: denote the length of the edge of a given tetrahedron and let V be the volume of the tetrahedron. Suppose also that R and r are the circumradius and the inradius of the tetrahedron, respectively. Determine the best constants K 1 and K 2 for the following two inequalities: Each of these two Open Problems has challenged the authors for quite sometime. The solutions to either or both of these problems (if and when found by any interested reader) would naturally interest the authors, too, a great deal.
